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Privileged coordinates for Carnot–Carathe´odory
spaces of low smoothness
S.G. Basalaev∗
Abstract
We describe classes of coordinate systems in Carnot–Carathe´odory spaces of
low smoothness which allow for homogeneous approximations of quasimetrics and
basis vector fields. We establish the minimal smoothness required for these classes
to coinside with the class of the privileged coordinates described earlier for the
smooth case. We also apply these results to prove partial analogues of existing
results in the canonical coordinates of the 2nd kind. As a geometric tool we prove
some convergence theorems in quasimetric spaces.
1 Introduction
Consider C∞-smooth connected Riemannian N -dimensional manifoldM with fixed distri-
bution H ⊂ TM and a scalar product 〈·, ·〉 : H×H → R on it. Recall that a commutator
(or Lie bracket) of two vector fields X , Y is a vector field [X, Y ] = XY −Y X . Commuting
vector fields in H iteratively we obtain a family of foliations H1 = H , Hk+1 = H+[Hk, H ].
It is well known [1, 2] that if the distribution H is totally nonholonomic (i. e. there is
such m > 0 that Hm = TM) then any two points of M can be connected by a horizontal
curve i. e. by an absolutely continuous curve γ such that γ˙ ∈ H a. e. The metric dcc
on M defined as the infimum of the lengths of horizontal curves is called the Carnot–
Carathe´odory metric and the corresponding metric spaces are Carnot Carathe´odory spaces
or sub-Riemannian spaces (note, that the precise definition of these terms may differ de-
pending on the source).
Important subclass of such spaces are equiregular Carnot–Carathe´odory spaces, i. e.
such spaces that in a filtration
H = H1 ( H2 ( · · · ( Hm = TM (1)
the dimensions of Hk(x) do not depend on x (that is Hk are distributions on M). In [3] it
is shown that every Carnot–Carathe´odory space can be locally lifted to the equiregular
space of a higher dimension.
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Since we focus on the local properties of the equiregular spaces it is convenient to
choose a basis in TM subordinate to the structure (1). This means that in a neighborhood
of p ∈M we take vector fields X1, . . . , XN such that
Hk(x) = span{X1(x), . . . , XdimHk(x)}.
To each vector field Xj we assign a formal weight σj = min{k : Xj ∈ Hk}.
The crucial tool in studying the local geometry of Carnot–Carathe´odory spaces are
nilpotent approximations. The methods of nilpotent approximation originate in the works
on hypoelliptic operators and are formulated using canonical coordinates of the 1st kind
θp(x1, . . . , xN) = exp(x1X1 + . . .+ xNXN)(p). (2)
We formulate the key statements in the following theorem (the wordings may dif-
fer from the ones given by authors, see comparison of different formulations after the
theorem):
Theorem 1 (on the nilpotent approximation). LetM be an equiregular Carnot–Carathe´odory
space, p ∈M. Using coordinates (2) define a family of anisotropic dilatations
∆ε : θp(x1, . . . , xN) 7→ θp(ε
σ1x1, . . . , ε
σNxN ).
1. (Rothschild–Stein theorem on local approximation [3, 4]). There are uniform in a
neighborhood of p limits
X̂k(x) = lim
ε→0
(∆−1ε )∗ ε
σkXk(∆εx),
and the homogeneous vector fields X̂1, . . . , X̂N form a basis of the Lie algebra of some
Carnot group Gp (nilpotent graded stratified Lie group).
2. (Ball–Box theorem by Nagel–Stein–Wainger [6]). In a neighborhood U of p one can
define a distance function
d∞(x, y) = max
i=1,...,N
|ui|
1
σi , if y = θx(u1, . . . , uN).
Then there are constants 0 < C1 ≤ C2 <∞ such that
C1 d∞(x, y) ≤ dcc(x, y) ≤ C2 d∞(x, y)
for all x, y ∈ U .
3. (Gromov’s local approximation theorem [7]). In a neighborhood of p there is a uniform
limit
d̂cc(x, y) = lim
ε→0
1
ε
dcc(∆εx,∆εy)
where d̂cc is the Carnot–Carathe´odory metric of the group G
p (i. e. formed by the nilpo-
tentized vector fields X̂1, . . . , X̂N).
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In the original work by L.P. Rothschild and E.M. Stein [3] it is shown that in the
special case of free vector fields there is a decomposition
Xk(x) = X̂k(x) +Rk(x),
where vector fields X̂k are homogeneous and the remainders Rk are small as we ap-
proach p. The convergence of the vector fields to the homogeneous ones in a smooth
equiregular setting in the form stated above is proved by G. Metivier [4]. In a recent
paper [5] the convergence is shown using special regularized 1st kind coordinates in the
case when H ∈ Cm−1,α, α > 0 (see also the generalization to even lower smoothness
below).
Comparison of Carnot–Carathe´odory metric with the distance d∞ and a number of
other distance functions is conducted in [6]. It is worth noting that the quantity d∞ is
not a metric in general but only a local quasimetric, i. e.
d∞(x, z) ≤ Q(d∞(x, y) + d∞(y, z)),
for all x, y, z ∈ U and some Q = Q(U) ≥ 1. In some works Ball–Box theorem is
formulated as
Box(x, C1r) ⊂ Bcc(x, r) ⊂ Box(x, C2r)
where Bcc is a ball in the metric dcc and Box is a ball in quasimetric d∞.
The local approximation theorem is stated by M. Gromov [7] for “smooth enough
vector fields” in the form
|dcc(x, y)− d̂cc(x, y)| = o(ε) as x, y ∈ Bcc(p, ε) and ε→ 0.
This statement is equivalent to the one stated above since the metric dcc is homogeneous
w.r.t. ∆ε.
In [8, 9] the notion of equiregular Carnot–Carathe´odory spaces was generalized to
C1-smooth setting. Following these works we use the following definition:
Definition 1. Connected C∞-smooth manifold M of topological dimension N is called
Ck,α-smooth equiregular Carnot–Carathe´odory space, k ∈ N, α ∈ [0, 1] (we designate
Ck,0 = Ck) if there is a fixed filtration of the tangent bundle TM by Ck,α-smooth distri-
butions
H1 ( H2 ( . . . ( Hm = TM (3)
such that [Hi, Hj ] ⊂ Hi+j for all i, j = 1, . . . , m.
Carnot–Carathe´odory space M is called a Carnot manifold under a stronger assump-
tion Hk = span{Hk−1, [Hi, Hj] : i+ j = k}, k = 2, . . . , m.
We refer to the number m as the depth of Carnot–Carathe´odory space.
Note, that a classical sub-Riemannian space with H ∈ Ck+m−1,α is a Ck,α-smooth
Carnot manifold. Carnot manifolds carry Carnot–Carathe´odory metric (it is proved in
[9] for the smoothness class C1,α, α ∈ (0, 1], and in [11] for C1). But generally it is
not required for two points in a Carnot–Carathe´odory space with given definition to be
connectable by a horizontal curve. In this case the local quasimetric d∞ is used to describe
their geometric behavior. The properties of C1-smooth Carnot–Carathe´odory spaces are
stated in the following theorem (compare with Theorem 1).
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Theorem 2 ([9, 12, 13]). Let C1-smooth vector fields X1, . . . , XN conform to the com-
mutator table
[Xi, Xj](x) =
∑
k: σk≤σi+σj
cijk(x)Xk(x).
Then
1. There is a family of vector fields X̂ ′1, . . . , X̂
′
N in R
N such that
exp(u1X̂
′
1 + . . .+ uNX̂
′
N)(0) = (u1, . . . , uN) and
[X̂ ′i, X̂
′
j ](u) =
∑
k: σk=σi+σj
cijk(p)X̂
′
k(u).
The vector fields X̂ ′1, . . . , X̂
′
N form a structure of the graded nilpotent Lie algebra (and
the structure the Carnot algebra for Carnot manifolds).
2. For vector fields X̂k = (θp)∗X̂
′
k we have
X̂k(x) = lim
ε→0
(∆pε)
−1
∗ ε
σkXk(∆
p
εx)
where the limit is uniform in a neighborhood of p.
3. Using the vector fields X̂ ′k construct a quasimetric d̂
′
∞ the same way as d∞ is
built and push-forward it to the manifold: d̂∞(x, y) = d̂
′
∞(θ
−1
p (x), θ
−1
p (y)) (d̂∞ can not be
defined in the same straightforward way using X̂k since these fields are only continuous
in general). Then
|d∞(x, y)− d̂∞(x, y)| = o(ε)
as x, y ∈ Box(p, ε) and ε→ 0 uniformly in a neighborhood of p.
The convergence of the vector fields to the homogeneous ones in the coordinates of
the 1st kind is established for C1,α-smooth equiregular spaces in [9] and for C1-smooth
spaces in [12]. The convergence of the quasimetric d∞ to the C
1-smooth equiregular
spaces is shown in [13]. Note that for C1-smooth spaces the coordinate system θp is also
just C1-smooth.
All aforementioned results rely on canonical coordinates of the 1st kind. There are
problems, however, for which some other coordinate systems may be more suitable. For
instance, the canonical coordinates of the 2nd kind
(x1, . . . , xN) 7→ exp(xNXN) ◦ . . . ◦ exp(x1X1)(p)
are heavily used in [11].
This leads us to the question: what conditions should we impose on the coordinate
system so that Theorem 1 still holds? In a paper [10] by A. Bella¨ıche such condition is
stated for smooth sub-Riemannian spaces.
Theorem 3. The nilpotent approximation in the sense of Theorem 1 exists in coordi-
nates φp around the point p if and only if
φp
(
Box(0, C1ε)
)
⊂ Bdcc(p, ε) ⊂ φp
(
Box(0, C2ε)
)
for some 0 < C1 ≤ C2 <∞ and for all 0 < ε ≤ ε0. Here Box(0, r) = {x ∈ R
N : |xk|
σk ≤
r}.
4
In this work we provide, as a byproduct, an independent proof of this result in a
smooth equiregular case (see Section 4), however, as Remark 2 shows, this assertion may
fail in low-smoothness setting. We describe classes of coordinate systems φp for which
partial analogs of Theorem 1 hold in Carnot–Carathe´odory spaces of low smoothness.
Since convergence theorems are already proved in canonical coordinates of the 1st
kind θp, we focus on the properties of the transition map Φp = φ
−1
p ◦ θp, i. e. we obtain
conditions on the transition map to the new coordinates which preserves limits of Theo-
rem 1. In smooth case, as one can conclude from Theorem 3, it is necessary and sufficient
that the coordinate change map Φ enjoys
Box(0, C1ε) ⊂ Φ(Box(0, ε)) ⊂ Box(0, C2ε), (4)
for some 0 < C1 ≤ C2 < ∞ and for all ε ∈ (0, ε0). In Section 2 we show that when
the transition map does not have enough smoothness the condition (4) is still necessary
(Theorem 4) but is not enough (Remark 2). Then in Section 2 we obtain sufficient
condition on coordinate change that preserves the homogeneous limit of quasimetrics
(Theorem 5), namely: if 1) Φ is a homeomorphism, 2) there exists a limit
L(x) := lim
ε→0
δ−1ε ◦ Φ ◦ δε(x), (5)
uniform in neighborhood of the origin, where δε(x1, . . . , xN) = (ε
σ1x1, . . . , ε
σNxN ), and
3) L is a homeomorphism as well then in new coordinates there is a uniform limit of
quasimetrics (analogous to the limit of metrics in Theorem 1) and L is the isometry
between limiting quasimetrics in the original and new coordinate systems.
In Section 3 we show that condition (5) is still insufficient for obtaining homogeneous
limits of the basis vector fields (Remark 4). Next, we obtain such sufficient condition
(Theorem 6), namely: if 1) Φ is a C1-diffeomorphism, 2) there is a uniform limit
λ(x) := lim
ε→0
Dδ−1ε ◦DΦ ◦Dδε(x), (6)
and 3) det λ(0) 6= 0, then in new coordinate system there is a homogeneous limit of vector
fields (same as in Theorem 1) and λ is an isomorphism of homogeneous Lie algebras
between the original and new coordinate systems.
In Section 4 we prove that in case when Φ ∈ Cm where m is the space depth all
conditions (4), (5) and (6) are equivalent. Examples from Remarks 2 and 4 show that
when smoothness is lower all three conditions are distinct.
In Section 5 it is proved that some canonical coordinate systems (including 2nd kind
coordinates) enjoy condition (5) in C1-smooth case and condition (6) in Cm-smooth.
2 Homogeneous approximation of quasimetric spaces
Definition 2. Let U ⊂ RN be a neighborhood of the origin. By a quasimetric on U we
mean such function d : U × U → R that
• d is continuous;
• d(x, y) ≥ 0 for all x, y ∈ U ; d(x, y) = 0 ⇔ x = y;
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• d(x, y) ≤ Cd(y, x) for all x, y ∈ U and some C ≥ 1;
• d(x, z) ≤ Q(d(x, y) + d(y, z)) for all x, y, z ∈ U and some Q ≥ 1.
The pair (U, d) is called a quasimetric space.
Definition 3. Let (σ1, . . . , σN) be a tuple of positive real numbers. Introduce in R
N an
one-parameter dilatation group
δε(x1, . . . , xN) = (ε
σ1x1, . . . , ε
σNxN ), ε > 0.
Definition 4. Define on RN δε-homogeneous quasinorm
‖x‖ = ‖(x1, . . . , xN)‖ = max
k=1,...,N
|xk|
1
σk .
As Box(r) we denote a set of x ∈ RN such that ‖x‖ < r. Note, that δεBox(r) = Box(εr).
Definition 5. A quasimetric d̂ on RN is called δε-homogeneous if
d̂(δεx, δεy) = ε d(x, y)
for all x, y ∈ RN , ε > 0. A triple (RN , δε, d̂) is called δε-homogeneous quasimetric space.
Definition 6. We say that the quasimetric space (RN , δε, d̂) is the δε-homogeneous ap-
proximation for (U, d) if there is a limit
lim
ε→0
1
ε
d(δεx, δεy) = d̂(x, y) (7)
uniform in a neighborhood of the origin. If this limit exists we say that (U, d) has the
δε-homogeneous approximation.
Remark 1. In terminology of the work [14] the space (RN , d̂) is a local tangent cone to the
quasimetric space (U, d). This notion generalizes the notion of a tangent cone to a metric
space introduced by M.Gromov [15]. We do not use that terminology since the functional
approach of these works defines the tangent cone up to isometry. Our approach, albeit
more na¨ıve, distinguishes between homogeneous approximations in different coordinates
even if the resulting spaces are isometric.
Lemma 1. If quasimetric d has the δε-homogeneous approximation then there are con-
stants 0 < C1 ≤ C2 <∞ and r0 > 0 such that
C1‖x‖ ≤ d(0, x) ≤ C2‖x‖
for all x ∈ Box(r0).
Proof. Let δε-homogeneous quasimetric d̂ be the δε-homogeneous approximation for d.
Then there is r0 > 0 such that
1
ε
d(0, δεx)→ d̂(0, x) as ε→ 0 (8)
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uniformly in x ∈ Box(2r0).
Let m = inf{d̂(0, v) : ‖v‖ = r0}, M = sup{d̂(0, v) : ‖v‖ = r0}. There is ε1 > 0 such
that for all v ∈ ∂Box(r0) and ε < ε1 we have
m
2
<
1
ε
d(0, δεv) < 2M.
Consequently, for all ε < min{ε1, 2} and x ∈ ∂Box(εr0) it holds
m
2r0
‖x‖ =
m
2
ε < d(0, x) < 2Mε =
2M
r0
‖x‖.
Thus, the lemma is proved.
Theorem 4 (necessary condition of the homogeneous approximation in new coordinates).
Let (U, d) be a quasimetric space that has δε-homogeneous approximation, Φ : U → Φ(U)
be a homeomorphism and Φ(0) = 0. Define quasimetric ρ on Φ(U) as
ρ(u, v) = d(Φ−1(u),Φ−1(v)).
If quasimetric space (Φ(U), ρ) has δε-homogeneous approximation then there are
ε0 > 0 and 0 < C1 ≤ C2 <∞ such that
Box(C1ε) ⊂ Φ(Box(ε)) ⊂ Box(C2ε) (9)
for all ε ∈ (0, ε0).
Proof. By Lemma 1 for quasimetrics d and ρ there are positive constants r1, r2, c1, c2,
c3, c4 such that
c1‖x‖ ≤ d(0, x) ≤ c2‖x‖, c3‖y‖ ≤ ρ(0, y) ≤ c4‖y‖.
for all x ∈ Box(r1), y ∈ Box(r2). Since Φ is a homeomorphism of a neighborhood of the
origin, there are positive constants r3 ≤ r2 and r4 ≤ r1 such that Box(r3) ⊂ Φ
−1(Box(r2))
and Box(r4) ⊂ Φ(Box(r3)). Then for all x ∈ Box(r4) we have
c1
c4
‖x‖ ≤
1
c4
d(0, x) =
1
c4
ρ(0,Φ(x)) ≤ ‖Φ(x)‖ ≤
1
c3
ρ(0,Φ(x)) =
1
c3
d(0, x) ≤
c2
c3
‖x‖.
The theorem follows.
Remark 2. Let us demonstrate that conditions of Theorem 4 are not sufficient in the
general case. Consider a plane R2 with coordinates (x, y), dilatation δε(x, y) = (εx, ε
2y)
and the δε-homogeneous metric
d
(
(x1, y1), (x2, y2)
)
=
√
(x1 − x2)2 + |y1 − y2|.
Consider a coordinate change Φ(x, y) = (x, y + f(x)) where
f(x) =
{
x2
2
sin 1
|x|1−β
, x 6= 0,
0, x = 0,
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for some β ∈ (0, 1). Then f ∈ C1,β \ C2 and f ′(0) = 0. Note, that DΦ(0) = Id and
as a consequence Φ is a C1,β-diffeomorphism of a neighborhood of the origin. Also, the
following estimate holds:
1
2
(|x|2 + |y|) ≤
|x|2
2
+ |y| ≤ |Φ1(x, y)|
2 + |Φ2(x, y)| ≤
3
2
|x|2 + |y| ≤
3
2
(|x|2 + |y|).
But it is easy to see that the metric ρ(u, v) = d(Φ(u),Φ(v)) does not have a δε-homogeneous
approximation. Indeed,
1
ε
d
(
Φ(εx1, ε
2y1),Φ(εx2, ε
2y2)
)
=
√
(x1 − x2)2 + |y1 − y2 −
1
ε2
(f(εx1)− f(εx2))|,
where the expression
1
ε2
(f(εx1)− f(εx2)) =
x1
2
sin
1
|εx1|1−β
−
x2
2
sin
1
|εx2|1−β
has no limit when x1 6= x2 as ε→ 0.
It is possible to provide analogous example for functions of class C1,1. For instance,
one can consider f(x) =
∫ x
0
t sin 1
t
dt.
For C2-smooth maps on this particular metric space, however, the conditions of The-
orem 4 are sufficient. We’ll show this in Lemma 4.
Lemma 2. Let U ⊂ RN be a neighborhood of the origin, Φ : U → RN be a continuous
mapping. There is an uniform in a neighborhood of the origin limit
L(x) := lim
ε→0
δ−1ε ◦ Φ ◦ δε(x) (10)
if and only if there is a continuous δε-homogeneous mapping L : R
N → RN such that
Φk(x) = Lk(x) + o(ε
σk), k = 1, . . . , N, (11)
as ε→ 0 and x ∈ Box(ε).
If either of these conditions is fulfilled and both mappings Φ and L are homeomor-
phisms then there is also a limit
lim
ε→0
δ−1ε ◦ Φ
−1 ◦ δε(y) = L
−1(y)
and it is uniform in a neighborhood of the origin.
Proof. Let the uniform limit (10) exist for x ∈ Box(r0). Then the limiting map L is
continuous and for all t ∈ (0, 1] the following holds
Lk(δtx) = lim
ε→0
1
εσk
Φk(δεδtx) = lim
ε→0
tσk
1
(tε)σk
Φk(δtεx) = t
σkLk(x), (12)
i. e. δt ◦ L = L ◦ δt. We can extend L by homogeneity to a continuous δε-homogeneous
mapping on RN . Moreover, for all x ∈ Box(r0) we have
Φk(δεx) = ε
σk
(
ε−σkΦk(δε(x))
)
= εσk
(
L(x) + o(1)
)
= L(δεx) + o(ε
σk).
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Conversely, let the condition (11) hold. Fix r0 > 0 such that Box(r0) ⊂ U . Then
1
εσk
Φk(δεx) =
1
εσk
(
Lk(δεx) + o(ε
σk)
)
= Lk(x) + o(1) (13)
as ε→ 0 uniformly in x ∈ Box(r0). Thus, conditions (10) and (11) are equivalent.
Next, let Φ and L be homeomorphisms. Since the map L is continuous and δε-
homogeneous, we have
M = sup
x 6=0
‖L(x)‖
‖x‖
= sup
x 6=0
∥∥∥δ−1‖x‖L(x)∥∥∥ = sup
x 6=0
∥∥∥L(δ−1‖x‖x)∥∥∥ = sup
‖v‖=1
‖L(v)‖ <∞.
Since L(x) 6= 0 when x 6= 0, by the same reasoning we have
m = sup
x 6=0
‖x‖
‖L(x)‖
= sup
‖v‖=1
1
‖L(v)‖
<∞.
Therefore, two-sided estimates
1
m
‖x‖ ≤ ‖L(x)‖ ≤M‖x‖,
1
M
‖y‖ ≤ ‖L−1(y)‖ ≤ m‖y‖,
hold for all x, y ∈ RN . Consequently, there is a neighborhood of the origin V such that
two-sided estimates
1
2m
‖x‖ ≤ ‖Φ(x)‖ ≤ 2M‖x‖,
1
2M
‖y‖ ≤ ‖Φ−1(y)‖ ≤ 2m‖y‖,
hold for all x ∈ V , y ∈ Φ(V ). Let Φε(x) = δ
−1
ε ◦ Φ ◦ δε(x) and let r1 ≤ r0 be such that
Box(r1) ⊂ V , Box(
r1
2m
) ⊂ Φ(V ). Then
‖Φ−1ε (y)‖ =
1
ε
‖Φ−1(δεy)‖ ≤
2m
ε
‖δεy‖ = 2m‖y‖
for all y ∈ Box( r1
2m
) and ε > 0, i. e. Φ−1ε (Box(
r1
2m
)) ⊂ Box(r1). From (13) it follows that
‖Φε(x)− L(x)‖ = o(1) as ε→ 0 uniformly in x ∈ Box(r0). Therefore
y − L ◦ Φ−1ε (y) = Φε(Φ
−1
ε (y))− L(Φ
−1
ε (y)) = o(1)
as ε→ 0 uniformly in y ∈ Box( r1
2m
). Since the continuous map L−1 is uniformly continuous
on Box( r1
2m
), we have
L−1(y)− Φ−1ε (y) = L
−1(y)− L−1(L ◦ Φ−1ε (y)) = o(1)
as ε→ 0 uniformly on Box( r1
2m
). The lemma is proved.
Theorem 5 (sufficient condition of the homogeneous approximation in new coordinates).
Let U ⊂ RN be a neighborhood of the origin, d be a continuous quasimetric on U and
quasimetric d̂ be its δε-homogeneous approximation. Let Φ : U → R
N be a homeomor-
phism on a neighborhood of the origin such that there is a δε-homogeneous homeomor-
phism L : RN → RN enjoying the condition
L(x) = lim
ε→0
δ−1ε ◦ Φ ◦ δε(x),
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as ε → 0 uniformly in x ∈ Box(r0). Consider quasimetric space (Φ
−1(U), ρ) where
ρ(u, v) = d(Φ(u),Φ(v)). Then
1. There is a limit
ρ̂(u, v) := lim
ε→0
1
ε
ρ(δεu, δεv)
for all u, v ∈ RN uniform in a neighborhood of the origin V ⊂ Φ−1(U).
2. The mapping ρ̂(u, v) is a continuous δε-homogeneous quasimetric on R
N .
3. The map L is a δε-homogeneous isometry of quasimetric spaces
1 (RN , d̂) and (RN , ρ̂),
i. e.
δεL(x) = L(δεx), ρ̂(x, y) = d̂(L(x), L(y))
for all x, y ∈ RN .
Proof. Indeed, let Φε = δ
−1
ε ◦ Φ ◦ δε. Then
ρ(δεu, δεv) = d
(
Φ(δεu),Φ(δεv)
)
= d
(
δε ◦ Φε(u), δε ◦ Φε(v)
)
.
From Lemma 2 derive
1
ε
ρ(δεu, δεv) =
1
ε
d
(
δε ◦ Φε(u), δε ◦ Φε(v)
)
= d̂
(
Φε(u),Φε(v)
)
+ o(1)
= d̂
(
L(u) + o(1), L(v) + o(1)
)
+ o(1),
where all o(1) are uniform in u, v in a neighborhood of the origin. Thus,
ρ̂(u, v) := lim
ε→0
1
ε
ρ(δεu, δεv) = d̂
(
L(u), L(v)
)
.
Since L is a homeomorphism, ρ̂ is also a quasimetric on RN . Besides,
ρ̂(δtu, δtv) = d̂
(
L(δtu), L(δtv)
)
= d̂
(
δt ◦ L(u), δt ◦ L(v)
)
= t d̂
(
L(u), L(v)
)
= t ρ̂(u, v)
for all t > 0 and u, v ∈ RN . This ends the proof.
Remark 3. Note, that conditions of Theorem 5 are not necessary. It may happen
that the required limit is non-uniform but still generates an isomorphism. Moreover,
we can provide an example of the map Φ such that the limit (10) does not exist but
quasimetrics still converge in a new coordinate system. Consider C with the Euclidean
metric d(z, w) = |z − w| and homothetic dilatation δε(z) = εz, ε > 0.
Let the map Φ : C→ C be defined as
Φ(reiθ) = r ei(θ+ln r), Φ(0) = 0,
where θ ∈ [0, 2pi]. Then Φ is continuous since Φ(re0i) = Φ(re2pii) and Φ(reiθ) → 0 as
r → 0. The metric d(z, w) = |Φ(z)− Φ(w)| is homogeneous:
1
ε
∣∣Φ(εr1 eiθ1)− Φ(εr2 eiθ2)∣∣ = 1
ε
∣∣εr1 eiθ1+i ln(εr1) − εr2 eiθ2+i ln(εr2)∣∣
= |ei ln ε|
∣∣r1 eiθ1+i ln r1 − r2 eiθ2+i ln r2∣∣ = ∣∣Φ(r1 eiθ1)− Φ(r2 eiθ2)∣∣.
1isoquasimetry?
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However, the expression (10) for this map becomes
1
ε
Φ(εz) =
1
ε
Φ(εr eiθ) = r eiθ+i ln(εr) = r eiθ+i ln rei ln ε = Φ(z)ei ln ε
and diverges as ε → 0 and z 6= 0. Note, that metrics |z − w| and |Φ(z) − Φ(w)| are not
isometric.
Let us apply the results of this section to Carnot–Carathe´odory spaces. Let M be
C1-smooth equiregular space. In a neighborhood U of p ∈ M choose a basis X1, . . . , XN
subordinate to the filtration (3). Recall, that using the canonical 1st kind coordinates
θx(u1, . . . , uN) = exp(u1X1 + . . .+ uNXN )(x), x ∈ U
we define the quasimetric d∞(x, y) = max
k=1,...,N
|uk|
1
σk and the family of dilatations
∆pε : θp(u1, . . . , uN) 7→ θp(ε
σ1u1, . . . , ε
σNuN).
From Theorem 2 and Theorem 5 follows
Corollary 1. LetM be C1-smooth Carnot–Carathe´odory space, X1, . . . , XN be a basis in a
neighborhood of p ∈M, subordinate to (3), θp be the canonical 1st kind coordinates (2) and
φp : U ⊂ R
N → M be homeomorphism of a neighborhood of the origin to a neighborhood
of p. Define a family of dilatations
∆˜pε : φp(x1, . . . , xN ) 7→ φp(ε
σ1x1, . . . , ε
σNxN ).
If there is a uniform limit
L(x) := lim
ε→0
δ−1ε ◦ φ
−1
p ◦ θp ◦ δε(x),
and L is a homeomorphism then there is a limit
d˜∞(x, y) = lim
ε→0
1
ε
d∞(∆˜
p
εx, ∆˜
p
εy)
uniform in a neighborhood of the origin and d˜∞ is a ∆˜
p
ε-homogeneous quasimetric, iso-
metric to d̂∞. The isometry is given by the map L = φp◦L◦θ
−1
p : d̂∞(x, y) = d˜∞(Lx,Ly).
Remark 4. If in the previous corollary L is a C1-diffeomorphism, we can define vector
fields X˜j = L∗X̂j. These vector fields are homogeneous w.r.t. the dilatation in new
coordinates, but in general they can not be obtained as homogeneous limits of vector
fields Φ∗Xj if Φ does not have enough regularity. Consider, e.g., R
2
x,y with the family of
vector fields { ∂
∂x
, ∂
∂y
}, the dilatation δε(x, y) = (εx, ε
2y) and the transition map Φ(x, y) =
(x, y + f(x)) where
f(x) =
{
x3 sin 1
x
, x 6= 0,
0, x = 0.
Then Φ is a C1,1-diffeomorphism of a neighborhood of the origin and
δ−1ε ◦ Φ ◦ δε(x, y) =
(
x
y + εx3 sin 1
εx
)
→
(
x
y
)
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as ε→ 0. However, Φ∗
∂
∂x
= ∂
∂x
+ (3x2 sin 1
x
− x cos 1
x
) ∂
∂y
and the expression
(δε)
−1
∗ εΦ∗
∂
∂x
(εx, ε2y) =
∂
∂x
+
(
3εx2 sin
1
εx
− x cos
1
εx
) ∂
∂y
diverges as ε→ 0 if x 6= 0.
3 Homogeneous approximation of vector fields
In this section we propose sufficient condition on the transition map Φ which preserves
the homogeneous approximations of basis vector fields of a Carnot–Carathe´odory space
in new coordinates.
Definition 7. Let the dilatation δε be defined in U ⊂ R
N . We say that continuous vector
field X on U has δε-homogeneous approximation of degree r if there is a limit
X̂(x) := lim
ε→0
(δ−1ε )∗ ε
rX(δεx) (14)
uniform in the neighborhood of the origin. Note, that the vector field X̂ is δε-homogeneous
of degree r.
Remark 5. It is clear that if the limit (14) exists for some r then for all r′ > r this
limit vanishes. Therefore, it makes sense to assign a formal degree to a vector field as
the infimum of r such that the limit (14) is zero. For basis vector fields of the Carnot–
Carathe´odory space this definition of a degree coinsides with the previous one.
Lemma 3. Let Φ ∈ C1(U,RN). The limit
λ(x) := lim
ε→0
Dδ−1ε ◦DΦ ◦Dδε(x)
uniform in a neighborhood of the origin exists if and only if for all k, l ∈ {1, . . . , N} such
that σk > σl there are continuous functions λkl : R
N → R δε-homogeneous of degrees
σk − σl respectively and such that
∂Φk
∂xl
(x) = λkl(x) + o(ε
σk−σl) (15)
as ε→ 0 and all o(·) are uniform x ∈ Box(ε).
Under conditions of this lemma if also Φ(0) = 0 then there is a uniform limit
L(x) := lim
ε→0
δ−1ε ◦ Φ ◦ δε(x)
and λ = DL.
Proof. Since Dδε is a diagonal matrix with ε
σ1 , . . . , εσN on diagonal, we have
[Dδ−1ε ◦DΦ ◦Dδε]kl(x) = ε
σl−σk
∂Φk
∂xl
(δεx).
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Let V = Box(r0) and for all k, l ∈ {1, . . . , N} let us have the uniform limits
λkl(x) := lim
ε→0
εσl−σk
∂Φk
∂xl
(δεx), x ∈ V.
Then the functions λkl are continuous and λkl(δtx) = t
σk−σlλkl(x) for x ∈ V , t ∈ (0, 1].
We can extend the functions λkl by homogeneity to the functions defined on R
N .
Conversely, let the condition (15) hold. Then in the case σl ≥ σk we have
εσl−σk
∂Φk
∂xl
(δεx)→
{
∂Φk
∂xl
(0), σl = σk,
0, σl > σk,
as ε→ 0 uniformly in a compact neighborhood of the origin. When σl < σk we have
εσl−σk
∂Φk
∂xl
(δεx) = ε
σl−σk
(
λkl(δεx) + o(ε
σk−σl)
)
= λkl(x) + o(1)
where o(·) is uniform in x.
If Φ(0) = 0 then δ−1ε ◦ Φ ◦ δε(0) = 0 = L(0). By the classical analysis results on the
uniform convergence of derivatives there is a map L : U → RN in a neighborhood of the
origin U such that λ = DL and δ−1ε ◦ Φ ◦ δε(x) → L(x) as ε → 0 uniformly in U . The
lemma is proved.
Theorem 6 (Sufficient condition of approximation of vector fields in new coordinates).
Let X be a continuous vector field in a neighborhood of the origin U and for some r > 0
let there be a uniform limit
X̂(x) = lim
ε→0
(δ−1ε )∗ ε
rX(δεx).
Let Φ : U → RN be a C1-diffeomorphism on a neighborhood of the origin such that
Φ(0) = 0, there is a limit
λ(x) := lim
ε→0
Dδ−1ε ◦DΦ ◦Dδε(x)
uniform in a neighborhood of the origin, and det λ(0) 6= 0. Denote Y (y) = Φ∗X(Φ
−1(y)).
Then there is a uniform limit
Ŷ (y) = lim
ε→0
(δ−1ε )∗ ε
rY (δεy)
and Ŷ (y) = L∗X̂(L
−1(y)) where the map L is defined by (10).
Proof. By Lemma 3 in a neighborhood of the origin there are uniform limits
L(x) = lim
ε→0
δ−1ε ◦ Φ ◦ δε(x), L∗(x) = DL(x) = lim
ε→0
(δ−1ε ◦ Φ ◦ δε)∗(x).
Since detDL(0) = det λ(0) 6= 0, L(x) is a diffeomorphism of neighborhoods of the origin.
By Lemma 2 in a neighborhood of the origin there is a uniform limit
L−1(y) = lim
ε→0
δ−1ε ◦ Φ
−1 ◦ δε(y).
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Thus, in a neighborhood small enough
(δ−1ε )∗ ε
rY (δεy) = (δ
−1
ε )∗ ε
rΦ∗X(Φ
−1(δεy))
= (δ−1ε ◦ Φ ◦ δε)∗(δ
−1
ε )∗ε
rX ◦ δε(δ
−1
ε ◦ Φ
−1 ◦ δε(y))→ L∗X̂(L
−1(y))
as ε→ 0 uniformly in y.
From Theorem 2 and Theorem 6 immediately follows
Corollary 2. Let M be C1-smooth Carnot–Carathe´odory space, X1, . . . , XN be a basis
in a neighborhood of p ∈ M, subordinate to (3), θp be canonical 1st kind coordinates (2)
and φp : U ⊂ R
N → M be C1-diffeomorphism of a neighborhood of the origin on a
neighborhood of p. Define a family of dilatations
∆˜pε : φp(x1, . . . , xN ) 7→ φp(ε
σ1x1, . . . , ε
σNxN ).
If there is a limit
λ(x) := lim
ε→0
Dδ−1ε ◦Dφ
−1
p ◦Dθp ◦Dδε(x)
uniform in a neighborhood of the origin and det λ(0) 6= 0 then
1) In a neighborhood of the origin there are uniform limits
X˜k(x) = lim
ε→0
(∆˜pε)
−1
∗ ε
dkXk(∆˜
p
εx).
2) The conditions of Corollary 1 are fulfilled, the maps L and L are continuously
differentiable and X˜k = L∗X̂k.
4 Transition map and smoothness
In this section we derive bounds on smoothness of a transition map Φ under which the
necessary condition (9) becomes sufficient.
In the following we use the usual multiindex notations. If α = (α1, . . . , αN) where αk
are nonnegative integers, k = 1, . . . , N , then denote
|α| = α1 + · · ·+ αN , α! = α1! · . . . · αN !, x
α = xα11 · . . . · x
αN
N , D
αΦ =
∂Φ|α|
∂xα11 . . . ∂x
αN
N
.
Introduce also the weight of multiindex σ(α) = ασ11 + . . .+ α
σN
N .
Lemma 4. Let the map Φ : U → RN be such that Φk ∈ C
σk(U) for k = 1, . . . , N . The
following conditions are equivalent:
1. There are constants C > 0 and ε0 > 0 such that Φ(Box(ε)) ⊂ Box(Cε) for all
0 < ε ≤ ε0.
2. For coordinate functions of the map Φ it holds Φk(x) = O(ε
σk) as ε → 0 and
x ∈ Box(ε).
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3. DαΦk(0) = 0 for all multiindices α such that σ(α) < σk.
4. There are uniform limits
L(x) = lim
ε→0
δ−1ε ◦ Φ ◦ δε(x), (16)
DL(x) = lim
ε→0
Dδ−1ε ◦DΦ ◦Dδε(x). (17)
Under these conditions the coordinate functions of the map L are polynomials.
Proof. Equivalence of conditions 1 and 2 is clear since condition 2 is just a rephrase of
condition 1 in terms of coordinates. To see that condition 3 is equivalent to condition 2
Taylor expand coordinate functions of the map Φ to corresponding orders:
Φk(x) = Pk(x) + o(|x|
σk) =
∑
α: |α|≤σk
DαΦk(0)
α!
xα + o(|x|σk). (18)
Note, that xα = O(εσ(α)) if x ∈ Box(ε). Then Φk(x) = O(ε
σk) if and only if DαΦk(0) = 0
for all α such that σ(α) < σk.
Now prove that condition 3 is necessary and sufficient for existence of the limit (16).
Indeed, using expansion (18) we derive
1
εσk
Φk(δεx) =
∑
α: σ(α)<σk
DαΦk(0)
α! εσk−σ(α)
xα +
∑
α: σ(α)=σk
DαΦk(0)
α!
xα + o(1).
This expression converges as ε→ 0 if and only if the first term vanishes, i. e. condition 3
is fulfilled. The second term in this case is the expression for the coordinate function
Lk(x) of the limiting map L.
Next, consider limit (17). SinceDδε is a diagonal matrix with ε
σ1 , . . . , εσN on diagonal,
we have
[Dδ−1ε ◦DΦ ◦Dδε]kl(x) = ε
σl−σk
∂Φk
∂xl
(δεx).
Since ∂Φk
∂xl
∈ Cσk−1(U), we have ∂Φk
∂xl
(x) = ∂Pk
∂xl
(x) + o(|x|σk−1), where Pk is the Taylor
polynomial for Φk defined by (18). Note, that
∂(xα)
∂xl
is a δε-homogeneous monomial of
degree σ(α)− σl. Thus,
εσl−σk
∂Φk
∂xl
(δεx) =
∑
α: σ(α)<σk
DαΦk(0)
α! εσk−σ(α)
∂(xα)
∂xl
+
∑
α: σ(α)=σk
DαΦk(0)
α!
∂(xα)
∂xl
+ o(1).
Again, the expression converges as ε → 0 if and only if the first term vanishes, i e.
condition 3 holds. The second term in this case is ∂Lk
∂xl
(x). The lemma is proved.
Corollary 3. Let M be Cm-smooth Carnot–Carathe´odory space of the depth m, p ∈ M,
θp be the coordinates of the 1st kind in the neighborhood of p. C
m-smooth coordinate
system φp in the neighborhood of p enjoys the conditions of Corollaries 1 and 2 if and
only if there are constants 0 < C1 ≤ C2 <∞ and ε0 > 0 such that
φp(Box(C1ε)) ⊂ θp(Box(ε)) ⊂ φp(Box(C2ε))
for all ε ∈ (0, ε0).
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Proof. Necessity immediately follows from Theorem 4. Applying Lemma 4 we see that
Φ = θ−1p ◦ φp enjoys conditions of Theorems 5 and 6.
Remark 6. From examples in Remarks 2 and 4 it follows that this assertion on the
smoothness of the map Φ can not be weakened in general case, i. e. conditions of Theo-
rems 4, 5 and 6 are the same thing for Cm-smooth maps, and become distinct as soon as
the smoothness is a bit lower (like Cm−1,1).
Remark 7. For C1-smooth Carnot manifolds the Ball–Box Theorem holds (clause 2 of
Theorem 1, see proof, e. g., in [16, Theorem 8]). This theorem together with Corollary 3
proves Theorem 3 given in the introduction in the case of Cm-smooth Carnot manifolds.
5 Canonical coordinate systems
Let M be Ck-smooth Carnot–Carathe´odory space, X1, . . . , XN be the basis of TM in
a neighborhood of p ∈ M subordinate to the filtration (3). Split the family of vector
fields {Xi}
N
i=1 into L disjoint subfamilies {Xj,1, . . . , Xj,kj}, j = 1, . . . , L, and consider the
mapping
φp(u1, . . . , uN) = exp(uL,1XL,1 + . . .+ uL,kLXL,kL) ◦ . . .
. . . ◦ exp(u2,1X2,1 + . . .+ u2,k2X2,k2) ◦ exp(u1,1X1,1 + . . .+ u1,k1X1,k1)(p). (19)
Then φp ∈ C
k and ∂φp
∂ui
(0) = Xi(p). Consequently, φp is a C
k-diffeomorphism of a neigh-
borhood of the origin on a neighborhood of p. The particular case of such mapping is
the canonical coordinate system of the 2nd kind :
θ2p(u1, . . . , uN) = exp(uNXN) ◦ exp(uN−1XN−1) ◦ . . . ◦ exp(u1X1)(p).
Theorem 7. Let M be a C1-smooth Carnot–Carathe´odory space, p ∈ M. Define using
the coordinate system (19) an one-parametric family of dilatations
∆pε : φp(x1, . . . , xN ) 7→ φp(ε
σ1x1, . . . , ε
σNxN ).
Then there is a limit
d˜∞(x, y) = lim
ε→0
1
ε
d∞(∆
p
εx,∆
p
εy)
uniform in a neighborhood of p and d˜∞ is a ∆
p
ε-homogeneous quasimetric isometric to
quasimetric d̂∞ from Theorem 2. If M is a C
m-smooth space of the depth m then there
are uniform in the neighborhood of p limits of the scaled vector fields
X˜k(x) = lim
ε→0
(∆pε)
−1
∗ ε
dkXk(∆
p
εx),
and the vector fields X˜k define the structure of the nilpotent graded Lie algebra isomorphic
to the algebra from Theorem 2.
To prove this theorem we use the following result.
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Theorem 8 ([13]). Let M be C1-smooth Carnot–Carathe´odory space, p ∈M, X1, . . . , XN
be a basis in a neighborhood of p, subordinate to the structure (3), and let X̂k, k =
1, . . . , N , be the nilpotent approximations of these vector fields, built using the canonical
1st kind coordinates as in Theorem 2. Then there is a neighborhood U of p such that for
any two absolutely continuous curves γ, γ̂ : [0, 1]→M such that γ(0) = γ̂(0) ∈ U and
γ˙(t) =
N∑
i=1
bi(t)Xi(γ(t)), ˙̂γ(t) =
N∑
i=1
bi(t)X̂i(γ̂(t)),
where measurable functions bi(t) meet the property
1∫
0
|bi(t)| dt < Sε
σi, S <∞, i = 1, . . . , N, (20)
we have
max{d∞(γ(1), γ̂(1)), d̂∞(γ(1), γ̂(1))} ≤ o(1) · ε,
where o(1) is uniform in U and in all collections of functions {bi(t)}
N
i=1 with the prop-
erty (20).
Proof of Theorem 7. Let X̂ ′1, . . . , X̂
′
N be δε-homogeneous vector fields from Theorem 2.
Consider mapping φ̂′ : RN → RN defined as
φ̂′(u1, . . . , uN) = exp(uL,1X̂
′
L,1 + . . .+ uL,kLX̂
′
L,kL
) ◦ . . .
. . . ◦ exp(u2,1X̂
′
2,1 + . . .+ u2,k2X̂
′
2,k2) ◦ exp(u1,1X̂
′
1,1 + . . .+ u1,k1X̂
′
1,k1)(0).
Note that φ̂′ is a C∞-diffeomorphism of RN . Since X̂ ′j are homogeneous with degrees σj ,
for all u, v ∈ RN we have
δε ◦ exp(u1X̂
′
1 + . . .+ uNX̂
′
N)(v) = exp(ε
σ1u1X̂
′
1 + . . .+ ε
σNuNX̂
′
N)(δεv),
thus δε ◦ φ̂
′ = φ̂′ ◦ δε.
By Theorem 8 for every tuple of constants (u1, . . . , uN) we have
d̂∞
(
exp
( N∑
k=1
εσkukXk
)
(x), θp ◦ exp
( N∑
k=1
εσkukX̂
′
k
)
◦ θ−1p (x)
)
= o(ε)
where o(ε) is uniform in x belonging to a neighborhood of p and in (u1, . . . , uN) belonging
to a neighborhood of origin. Therefore
d̂∞
(
φp(δεu), θp ◦ φ̂
′(δεu)
)
= o(ε)
when ε→ 0 uniformly in u. Quasimetric d̂∞ is homogeneous w.r.t. θp, thus
1
ε
d̂∞
(
φp(δεu), θp ◦ φ̂
′(δεu)
)
=
1
ε
d̂∞
(
θp ◦ θ
−1
p ◦ φp(δεu), θp ◦ δε ◦ φ̂
′(u)
)
= d̂∞
(
θp ◦ δ
−1
ε ◦ θ
−1
p ◦ φp(δεu), θp ◦ φ̂
′(u)
)
= o(1).
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From that we conclude that there is a limit
lim
ε→0
δ−1ε ◦ θ
−1
p ◦ φp ◦ δε = φ̂
′
uniform in a neighborhood of origin and the conditions of Corollary 1 are fulfilled. Isom-
etry of quasimetrics is given by map L = θp ◦ φ̂
′ ◦ φ−1p : d˜∞(x, y) = d̂∞(Lx,Ly).
In the case of Cm-smooth Carnot–Carathe´odory space both coordinate systems θp
ans φp are C
m-smooth as well, therefore from Theorem 4 and Corollary 3 it follows that
conditions of Corollary 2 are fulfilled and the mapping L defines the isomorphism of Lie
algebras: X˜k(x) = L
−1
∗ X̂k(Lx), k = 1, . . . , N . This ends the proof.
References
[1] P. K. Rashevskiˇı, On the connectability of two arbitrary points of a totally nonholo-
nomic space by an admissible curve // Uchen. Zap. Mosk. Ped. Inst. Ser. Fiz.-Mat.
Nauk, 3. 1938. V. 2. P. 83–94.
[2] W.L. Chow, U¨ber systeme von linearen partiallen differentialgleichungen erster ord-
nung // Mathematische Annalen. 1939. V. 117. P. 98–105.
[3] L. P. Rothschild, E.M. Stein, Hypoelliptic differential operators and nilpotent
groups // Acta Mathematica. 1976. V. 137, N. 3–4. P. 247–320.
[4] G. Metivier, Fonction Spectrale Et Valeurs Propres D’Une Classe D’Operateurs Non
Elliptiques // Comm. Partial Differential Equations 1, 1976. P. 467–519.
[5] M. Bramanti, L. Brandolini, M. Pedroni, On the lifting and approximation theorem //
Indiana Univ. Math. J. 2010. V. 59, N 6. P. 2093–2138.
[6] A. Nagel, E. M. Stein, S. Wainger, Balls and metrics defined by vector fields. I: Basic
properties // Acta Math. 1985. V. 155, P. 103–147.
[7] M. Gromov, The Carnot–Carathe´odory spaces seen from within // Progress in Math-
ematics, V. 144: Sub-Riemannian Geometry. Birkha¨user, 1996. P. 85–324.
[8] S. K. Vodopyanov, Geometry of Carnot–Carathe´odory Spaces and Differentiability of
Mappings // Contemporary Math. 2007. V. 424. P. 247–302.
[9] M. Karmanova, S. Vodopyanov, Geometry of Carnot–Carathe´odory spaces, differen-
tiability and coarea formula // Analysis and Mathematical Physics. Trends in Math-
ematics. Birkha¨user, 2009. P. 233–335.
[10] A. Bella¨ıche, The tangent space in sub-Riemannian geometry // Progress in Math-
ematics, V. 144: Sub-Riemannian Geometry. Birkha¨user, 1996. P. 4–84.
[11] S. Basalaev, S. Vodopyanov, Approximate differentiability of mappings of Carnot–
Carathe´odory spaces // Eurasian Math. J. 2013. V. 4, N 2. P. 10–48.
[12] A.V. Greshnov, Proof of Gromov’s theorem on homogeneous nilpotent approxima-
tion for vector fields of class C1 // Siberian Adv. Math. 2013. V. 23, N. 3, P. 180–191.
18
[13] M.B. Karmanova, Fine properties of basis vector fields on Carnot–Carathe´odory
spaces under minimal assumptions on smoothness // Siberian Math. J. 2014. V. 55,
N. 1. P. 87–99.
[14] S. V. Selivanova, The tangent cone to a quasimetric space with dilations // Siberian
Math. J., 2010. V. 51, N. 2, P. 313–324.
[15] M. Gromov, Groups of polynomial growth and expanding maps // Inst. Hautes
Etudes Sci. Publ. Math. 1981. V. 53, N. 18. P. 53–73.
[16] M. Karmanova, S. Vodopyanov, On Local Approximation Theorem on Equiregu-
lar Carnot–Carathe´odory Spaces // Geometric Control Theory and Sub-Riemannian
Geometry. Springer INdAM Ser. 2014. V. 5. P. 241–262.
Sergey Basalaev,
Sobolev Institute of Mathematics,
630090, Novosibirsk, Koptyug av., 4.
Novosibirsk State University,
630090, Novosibirsk, Pirogova st., 2.
E-mail: sbasalaev@gmail.com
19
